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ABSTRACT 

Number Theory is that branch of Mathematics which deals with the properties of integers, more specifically 

the properties of positive integers. It has always occupied a unique position in the world of Mathematics. 

This is due to the historical importance of the subject. It is one of the few disciplines having demonstrable 

results. Since classical antiquity nearly every century has witnessed new and fascinating discoveries relating 

to the properties of numbers. Most of the great masters of Mathematical Sciences, at some point in their 

careers, have contributed to Number Theory. Number Theory held an irresistible appeal for the leading 

mathematicians due to the basic nature of its properties. In the paper the Diophantine equations 
nk yx  122 7 where k is a positive integer, pn ypx  22 , oxyzzyx  3333 , pq qpx 2  
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, 12  qp nnx , 1342  ppx and 

npx 12 2 where p, q, 21,qq  are prime numbers and n is a positive integer, have been discussed. 
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INTRODUCTION 

There are so many non-linear Diophantine equations. Among which few has been discussed in the previous 

chapters. The Diophantine equations may or may not have integral solutions. In this chapter, an attempt will 

be made to discuss some more non-linear Diophantine equations. 

 

The Diophantine Equation nk yx  122 7 : 

Cohn (1993) solved the Diophantine equation nyx  52 . Arif, et al. (1998) solved the equation 
nk yx  122 3  completely. Fadwa, S., Muriefah, A. and Arif, A. (1999) solved the equation 
nk yx  122 5 . They showed that the equation has no integral solution in x, y for 0,3  kn . Ramrnujan 

(1913) discussed the Diophantine equation nx 272  and conjectured that this equation has only five 

solutions. In the third chapter, the generalized Ramanujan’s equation npx 22  , p is a prime number, has 

been discussed. In this section, the Diophantine equation by Ramanujan has been generalized to 
nk yx  122 7 . For k=0 and y=2 the equation reduces to the Ramanujan’s Diophantine equation. 

If we put x=13, k=1, y=2 and n=9 then the equation nk yx  122 7 is satisfied. Thus (x,k,y,n)= (13,1,2,9) is 

a solution of the given Diophantine equation. 

 

THEOREM 1:  

The possible solution (x,y) of the Diophantine equation nk yx  122 7 can not be simultaneously even or 

odd for any integral value of k and n. 

PROOF. If x is even then obviously left hand side of the given Diophantine equation is odd and therefore 

right hand side can not be even. This implies that y cannot be even. If x is odd then left hand side is 
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obviously even and therefore right hand side can not be odd. This implies that y can not be odd. Thus the 

possible solution of the given Diophantine equation can not be simultaneously even or odd for any integral 

values of k and n. 

THEOREM 2: 

If x is even and y is odd in the Diophantine equation nk yx  122 7 then  8mod02 x  or  8mod42 x  

according as x=4m, m is an integer or x=2m, m is an odd integer and  8modyy n   or  8mod1ny  

according as n is odd or even. 

PROOF. If x is an even number and is of the form x=4m, m is any integer then 2x  is of the form *16m , *m  

is a positive integer, which is divisible by 8. Therefore  8mod02 x . If x is even and is of the form x=2m, 

m is an odd integer then 2x  is of the form *4m , *m  is an odd integer, then obviously the remainder is 4 

when 2x  is divided by 8. Therefore  8mod42 x . Further if we take y=3 and n=3 then 

 8mod32733 ny . Similarly if we take y=5 and n=3 then  8mod512553 ny . Thus it can be 

shown that  8modyy n   when y is odd and n is odd. If we take y=3 and n=4 then  8mod18134 ny . 

If we take y=5 and n=4 then  8mod162554 ny . Thus it can be shown that  8mod1ny  when y is 

odd and n is even. 

 

THEOREM 3: 

If x is odd and y is even in the Diophantine equation nk yx  122 7 then  8mod1x , 122 7  kx  8mod0  

and  8mod0y  for 3n . 

PROOF.If we take x=3 and k=1 then )8(mod19322 x  and 
122 7  kx = 32 73  =9+343=352==0(mod8). Similarly if we take x=5 and k=1 then  8mod125522 x  

and 122 7  kx = 32 75  =25 +343=368=0(mod8).  

In this way it can be shown that if x is an odd integer then  8mod1x , 122 7  kx  8mod0 . If y is even, 

say, 2k and 3n  then  8mod0*8  kyn . 

 

The Diophantine Equation pn ypx  22 : 

Le Maohua (1995) discussed the Diophantine equation pn ypx  22  for p>3. He proved the following 

two results: (i) The equation has no positive integral solution (x,y,n) if gcd(x,y)=1. (ii) The equation has no 

positive integral solution (x,y,n) if p is not congruent to (mod8).In the given Diophantine equation 
pn ypx  22 , p is a prime number. For a given value of p we have to find the positive integral values of x, 

y and n satisfying the given equation. We consider two values of p ,namely, 3 and 1.  

 

For p=3 we see that x=y=n=4 satisfy the given Diophantine equation pn ypx  22 . Thus (x,y,n)=(4,4,4) is 

the solution of the Diophantine equation 3232 yxn  . 

 

For p=7 we see that x=y=4 and n=2 satisfy the given Diophantine equation. Thus (x,y,n)=(4,4,2) is the 

solution of the Diophantine equation 7272 yxn  . 

 

THEOREM 4: 
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The possible solution (x,y) of the Diophantine equation pn ypx  22  will either be both even or both odd 

for any odd prime p and any integer n. 

PROOF. Let p be an odd prime and n is any integer. If x is even then obviously the left hand side of the 

given Diophantine equation is an even number. Therefore right hand side of the equation is also an even 

number. This implies that y is even. Similarly if x is an odd integer then the left hand side of the given 

Diophantine equation is an odd integer. Therefore the right hand side is also an odd integer. This implies that 

y is an odd integer. Thus the solutions x and y of the given Diophantine equation are both even or both are 

odd integers for a prime p and any integer n. 

 

The Diophantine equation oxyzzyx  3333 : 

Here we have to obtained the positive integral values of x, y and z satisfying the given Diophantine equation. 

Since the factors of left hand side of the given equation are given by  

 xyzzyx 3333   xzyzxyzyxzyx  222 , 

The given equation implies that 

  xzyzxyzyxzyx  222 =0. 

Since x, y and z are positive the above equation implies that                                   

0222  xzyzxyzyx . 

For positive integral solutions, this equation is satisfied for x=y=z=n where n is a positive integer. Thus 

   nnnzyx ,,,,   is the required solution of the given Diophantine equation. 

 

The Diophantine Equation pq qpx 2 : 

Here we have to find the possible solution of the Diophantine equation pq qpx 2 where p and q are prime 

numbers. For p=2 and q=3 we see that x=1 satisfies the given Diophantine equation. Thus (x,p,q)=(1,2,3) is 

the required solution of the given Diophantine equation.  

 

The Diophantine Equation 212 qq
ppx  : 

Here we have to find the possible solution of the Diophantine equation 212 qq
ppx  where p, 1q  and 2q  

are prime numbers. If we take p=3, 1q =2 and 2q =3 then x=6 satisfies the given Diophantine equation. Thus 

 21,,, qqpx =(6,3,2,3) is the required solution of the given Diophantine equation. 

 

The Diophantine Equation 
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Here we have to find the possible solution of the Diophantine equation 
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where q is a prime 

number and n is any positive integer.  

If we take q=3 then there exist n=1 and x=2 which satisfy the given Diophantine equation. Thus 

(x,n,q)=(2,1,3) is the required solution of the given Diophantine equation. 

For q=3 there exist n=4 and x=11 also which satisfy the given Diophantine equation. Thus (x,n,q)=(11,4,3) is 

also a solution of the given Diophantine equation. 

 

The Diophantine Equation 
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For q=2 the given Diophantine equation takes the form 
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satisfies this equation if n is an even integer. Thus (x,q)=( 22

n

,2) is the required solution of the given 

Diophantine equation. 

The Diophantine Equation 2x 
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Here we have to solve the given Diophantine equation 2x 
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 where q is a prime number and n is any 

positive integer. If q=3 then 
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x  is the required solution of the given equation for q=3. 

 

The Diophantine Equation 12  qp nnx : 

Here we have to find the possible solution of the Diophantine equation 12  qp nnx  where p and q are 

the prime numbers and n is a positive integer. For p=3 and q=2 we see that x=9 and n=4 satisfy the given 

Diophantine equation. Thus (x,n,p,q)=(9,4,3,2) is the required solution of the given equation. 

 

The Diophantine Equation 1342  ppx : 

Here we have to find the possible solution of the Diophantine equation 1342  ppx  where p is a prime 

number. If we put p=2 then x=5 satisfies the given Diophantine equation. Thus (x,p)=(5,2) is the required 

solution of the given Diophantine equation. 

 

CONCLUSION 

In this paper the Diophantine equations nk yx  122 7 where k is a positive 

integer, pn ypx  22 , oxyzzyx  3333 , pq qpx 2  212 qq
ppx  ,  
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, 12  qp nnx , 1342  ppx and npx 12 2 where p, q, 

21,qq  are prime numbers and n is a positive integer, have been discussed. Several more Diophantine 

equations can also be solved in the similar manner as we have solved the above Diophantine equations. 
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